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one of us [t] has considered the equations of the quasi-linear appro x• 
imation for a plasma with collisions, which, for a spatially homogen- 
eous plasma without a magnetic field in the stationary case, are as 
follows: 

d k~k~ [ t Ca2[ E {~V a d/a 
ap~ k* ~ 2 (~--  k-v)~ + %, dpjJ + s,, = o, 

~ ' = 0 ,  ~"=0 , (0 . .1 )  

e(e, k) = a ' @  i8" = l + 

+Y~ ~ j o , -  i f +  iv,, (0.2) 

w h i c h  g i v e s ,  r e s p e c t i v e l y ,  f o r  t he  m o m e n t u m  and  e n -  

e r g y  

k E 1' ] (c0, k) = na I pSadp ( 1 . 1 )  
-~- 8n  a 

{8~'.Ja(c0, k ) =  n~, S ~ Sad p , ( 1 . 2 )  

in  w h i c h  

_4ma~n,r .  vakv  (k dd~) d p ,  (1 .3 )  

in which e(co, k) is the dielectric comtant of the plasma for longitudinal 
waves (k liE), )c a (p) is me distribution function for particles of type a, Sa 
is the collision integral (which is put in the Landau form for a Coulomb 
plasma without allowance for polarization), and ua is the reciprocal re- 
laxation time due to collisions in the rapidly varying (pulsating) part of 
the distribution function. In general,-' v a is a function of velocity, and 
it can be expressed via the distribution function for the background under 
the conditions for which the equations of the quasi-linear approximation 
were derived. The Ua for a slightly nonequilibrium plasma may be con- 
sidered as some effective collisional frequency averaged over the mo- 
menta, which for the electrons makes a certain contribution to the imag-. 
inary part of the dielectric constant, where u a can be calculated [2, 3] ' 
if fa is known. 

c h a r a c t e r i z e s  t h e  c h a n g e  in m o m e n t u m  and  e n e r g y  of 

c o m p o n e n t  a a s  a r e s u l t  of i n t e r a c t i o n  b e t w e e n  t h e  p a r -  

t i c l e s  and  t h e  w a v e .  
In d e d u c i n g  ( 1 . 1 )  we  h a v e  u s e d  an  e x p r e s s i o n  f o r  the  

: r a p i d l y  v a r y i n g  c u r r e n t  d e n s i t y  of  c o m p o n e n t  a 

Jal --" ~ iea"na I o) -- ~-q- i% 

in  a d d i t i o n  to 

< p l  E> = ken -x <j~aE>, 

An important point is that Eqs. (0.1) were derived for a monochromatic ' 
longitudinal wave, and so it is not a necessary condition to have a suf- 
ficiently large width for the wave packet, which condition is charac- 
teristic of the quasi-linear theory previously given. However, as in the 
quasi-linear theory, it is assumed that the oscillation amplitude is small 
(so that nonlinear interaction between waves can be neglected), and so 

eaS { E {~ / maTao)~ <~ i , (0. 3) 

while the dimensionless parameter ea2lE]2/maTaua ~ may be on the 
order of, or even much greater than, unity. 
In w of this paper we use the equations for the energy and momentum 
to derive expressions for the electron drift velocity and the difference 
Te - Ti (electron and ion temperatures) for a two-component plasma 
in a given wave field on the assumption of Maxwellian background dis- 
tribution functions for the electrons and ions. Expression (1.14) for the 
temperature difference extends to longitudinal waves a result obtained 
in [4] on the heating of electrons in a strong electric field. 

Section 2 deals with the amplitudes of steady-state high-frequency 
Langmuir waves when the plasma contains a steady electron beam. 
We derive in w the steady-state electron distribution function for the 
one-dimensional case on the basis of a model collision integral, and 
this differs only slightly from the Maxwellian case in which the spatial 
dispersion is slight. 

w h i c h ,  in t h e  q u o s i - l i n e a r  a p p r o x i m a t i o n ,  r e l a t e s  

j a  1 to  t he  r a p i d l y  v a r y i n g  c h a r g e  d e n s i t y  pa l,  w h i l e  

( )  d e n o t e s  a v e r a g i n g  o v e r  t he  f a s t  p u l s a t i o n s .  

S u m m a t i o n  of (1 .1 )  and  ( 1 . 2 )  o v e r  a l l  a g i v e s  

~] <palE> k = ~-  ~ <j~ E> = 0, 
a 

w h i c h  e x p r e s s e s  t he  f a c t  t h a t  t h e  w o r k  done  b y  t h e  

e l e c t r i c  f i e l d  i s  z e r o  in t he  s t e a d y  s t a t e ,  and  w h i c h  is  

e q u i v a l e n t  to  t h e  t h i r d  e q u a t i o n  in (0 .1 ) .  * 

We a s s u m e  t h a t  the  s t e a d y - s t a t e  d i s t r i b u t i o n  f u n c -  

t i o n s  f o r  a l l  t he  c o m p o n e n t s  a r e  M a x w e l l i a n  in t h e  

z e r o t h  a p p r o x i m a t i o n ,  bu t  t h a t  e a c h  c o m p o n e n t  c an  

h a v e  i t s  own  t e m p e r a t u r e  and  v e l o c i t y :  

1, = (r oxp { -  (v-~o,i "~>'~j' v 2 =  2r~_:. (1.4) 

C o n s i d e r  the  i n t e g r a l  in (1 .3 ) ,  We s e t  t he  x - a x i s  

a l o n g  k ,  i n t e g r a t e  w i t h  r e s p e c t  to  p•  and  c o n v e r t  to  

t he  d i m e n s i o n l e s s  v a r i a b l e s  

w E l e c t r o n  d r i f t  mad h e a t i n g  in  t he  e l e c t r i c  f i e l d  of  
a w a v e .  We u s e  t h e  q u a s i - l i n e a r  a p p r o x i m a t i o n  f o r  t he  

b a l a n c e  of m o m e n t u m  and  e n e r g y  f o r  p a r t i c l e s  of t y p e  

a .  We  m u l t i p l y  t he  f i r s t  e q u a t i o n  in ( 0 . 1 )  by  nPa  and  

naPa/2ma a n d  i n t e g r a t e  w i t h  r e s p e c t  to  m o m e n t u m ,  

* T h e  m e t h o d  of d i v i s i o n  i n to  b a c k g r o u n d  a n d  p u l -  
s a t i o n s  u s e d  in d e r i v i n g  ( 0 . 1 )  d i f f e r s  f r o m  t h a t  u s e d  

in  t h e  q u a s i - l i n e a r  t h e o r y ,  w h e r e  t he  p u l s a t i o n  s p e c -  

t r u m  m u s t  b e  f a i r l y  b r o a d .  
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ca - -  k u a x  7 v a 

X a  - -  k v  a , Y a  ~ k v " - ~ '  

~= r = : :r  ~ ,  (1 .5 )  

which g ives  

+co  ~ 

In(co, k)---- 2 Oa~ l ~ (~ +~la) e- d~ (1.6) 
- -o0  

in which Wa is the L a n g m u i r  f r equency  of componen t  a. 
It is  r e a d i l y  shown that  the l a t t e r  i n t e g r a l  is  e x p r e s s e d  
v i a  the complex  e r r o r  i n t e g r a l  

z 

w (z) = e-z' { i  -f- - ~  Ie l 'dt }  , z = x + iy , 
1/ o 

T , = T ~ +  3rn(o*+%~) ~ - ~ - ~ - ~ ' j .  (1.14)  

The l a t t e r  equat ion  does  not  t ake  into account  the 
d i r e c t i o n a l  ve loc i t y  of the e l e c t r o n s ,  b e c a u s e  Ve~'ei(U) = 
= 1 [3], and (1.12) g ives  u e << v e. T h e s e  e x p r e s s i o n s  
c o r r e s p o n d  to h i g h - f r e q u e n c y  L a n g m u i r  waves  for  

which co >> kv e. 
t2 .  S t e a d y - s t a t e  w a v e s  in a p l a s m a .  The  s p e c t r u m  

and amp l i t ude  of t h e s e  waves  m a y  be found f rom the 
second  and t h i r d  equat ions  in (0.1).  Subst i tu t ion  f rom 
(1.4) into the e x p r e s s i o n  for  the d i e l e c t r i c  cons tan t  in 
(0.2) g ives  the fol lowing in t e r m s  of the complex  e r r o r  

i n t e g r a l  : 

~' (<~, k) = ,1 + ~ ~2~ ~ c ~ d , "  " 

a 

with the ba l ance  equat ions  t ak ing  the fo rm 

k i E i  2 c%~ v a , ( z ~ ) = n , ~ p S a d  p (1 7) co 4.~ k S v a  2 ' " 

I E I ~ o)a~ va~ (Za) = n a '-qadP (1 8) 
4~ k~va2 ~ " 

~b ( z . )  = ~. + 1/-~ { ~o,1,, + ~ -  u, ~ i re  w ( z . )  - -  
Ya 

- -  (~a+  2x~) Imw (z~)} .  (1 .9 )  

The i n t e g r a l s  a p p e a r i n g  on the r i g h t - h a n d  s ide  h e r e  
have  been  ca l cu l a t ed  [ 1 , 3 , 5 ]  and can be put as  

~ ,  l l  a - -  "U b 
n~ \ pSadp = - -  n,~m~ , (1.10 ) 

~ ( ~ )  t) 

I p2 ~ {  3 T a - T b  

+ m~ ( u a -  %) (uavb2 + ubv'~) } (1. 11 ) 

in which x~b(~)andvab(r) a r e  the r e l a x a t i o n  t i m e s  for  
the d i r e c t i o n a l  v e l o c i t i e s  and t e m p e r a t u r e s ,  r e s p e c -  
t ive ly ,  in the c o l l i s i o n  of cha rged  p a r t i c l e s  of type a 
with p a r t i c l e s  of type b. 

If t h e r e  is  no spa t i a l  d i s p e r s i o n  (k = 0), the d i r e c -  
t ional  v e l o c i t i e s  of the  e l e c t r o n s  and ions in a two-  
component  p l a s m a  a r e  z e r o ,  and we get  

= ~ .  20")a2"Ca . 8"(0), k) ~ ~ r (zo), (2.1) 

+ ( x a  Ya: l Imw(za)}  (2.2) ~:-~ ~ i  

The function ~b(Za) and the d i m e n s i o n l e s s  v a r i a b l e s  
Za and *?a have the m e a n i n g s  of w [ s e e  (1.5) and (1.9].  

C o n s i d e r  an e l e c t r o n - i o n p l a s m a  with a s t e ady  e l e c -  
t ron  b e a m  whose  d i r e c t i o n a l  v e l o c i t y  s u b s t a n t i a l l y  e x -  
c e e d s  the t h e r m a l  v e l o c i t y  of the p l a s m a  e l e c t r o n s .  The 
l i n e a r  t h e o r y  ind ica t e s  that  i n c r e a s i n g  longi tudina l  
h i g h - f r e q u e n c y  (w ~ we) L a n g m u i r  w a v e s  a r e  exc i t ed ,  
whose  phase  v e l o c i t y  w / k  "~ u o (beam ve loc i ty )  and 
whose  i n c r e m e n t  fo r  a co ld  b e a m  is  (n0/ne)173 (the 
s u b s c r i p t  0 subsequen t ly  denotes  quan t i t i e s  r e f e r r i n g  
to the  b e a m ,  which  is c o n s i d e r e d  as  an addi t iona l  com.- 
ponent  of the p l a s m a ) .  C o n s i d e r  the d i s p e r s i o n  equation 

for  such waves .  
We use  the a s y m p t o t i c  expans ion  of ~(Za) for  ]zai  >> 

>> 1, i . e . ,  we a s s u m e  that  

(co - -  kua)  ~ + %~ ~ k2va ~ 

which g ives  f rom (2.1) that  

a ~  COn2 X 
e ' = t - -  -(~_ku~) 2 + % ~  

T~--  T~ = 3m((os  + Ve~ ) , (1.12) 
2Va~ku a ] 

• t - -  co [ ( c o ~ + v a 2 ] -  f - ~ O ,  (2.3) 

which is p r e c i s e l y  the r e l a t i o n  for  e l e c t r o n  hea t i ng  in 
a s t r ong  e l e c t r i c  f i e ld ,  b e c a u s e  (o<0)  e %%i(r) __ 1/2M/m 

{3,41. 
We take the a s y m p t o t i c  expans ion  of ~(Za) fo r  Izal >> 

>> 1 and r e t a i n  only the f i r s t  t e r m s  in k to get  f rom 
(1.7),  (1.8),  (1.10),  and (1.11) the equat ions  for  the 
e l e c t r o n  ve loc i t y  and t e m p e r a t u r e  in the ca se  of s l igh t  
spa t i a l  d i s p e r s i o n :  

k e: I E 12 %'~) ( 1 . 1 3  ) 
Ue = r 2m2 (r + %~) ' 

8 ## ~_. 

= y   ocoo  2koo<co_ uo,}=0 (2.4) 
0) [(co - -  k u a )  2 Q- va~ ] (co - -  kUa)2 Q- Va~ " 

a 

P a s s i n g t o  a c o l l i s i o n - f r e e  p l a s m a  (v e,  v0 ~ 0, U e ~  
0), we get  f r om (2.3) the usua l  d i s p e r s i o n  equat ion 

for  the h i g h - f r e q u e n c y  L a n g m u i r  waves  e x c i t e d  by a 
fas t  m o n o - e n e r g e t i c  e l e c t r o n  b e a m :  

t - -  t%~#o 2 - -  tOo2[(o - -  kuo)" = 0 , ( 2 . 5 )  
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where  the effect  of the ions can be neglec ted  in this 
case .  

Now w = ku 0 - T in the l i n e a r  theory ,  w h e r e  T is a 
s m a l l  quant i ty  p ropor t iona l  to the i n c r e m e n t ,  and so 
it is  r e a s o n a b l e  to suppose that (w - k u 0 )  2 >> %2, s ince  
for a t t a inmen t  of the q u a s i - l i n e a r  s tate  it is n e c e s s a r y  

2 F 

gg f ,7, 

w Dis t r ibu t ion  funct ion.  The s t eady - s t a t e  d i s t r i -  
but ion funct ion in the p r e s e n c e  of longi tudinal  waves 
differs  f rom the Maxwell ian case and should be de -  
duced f rom the f i r s t  equat ion in (0.1), which in the 
genera l  case is an in t eg ro -d i f f e ren t i a l  equation for f a ,  

while the d i s t r ibu t ion  funct ions for  the other  components  
in S a and v a also m u s t  be de t e rmined .  This  makes  it 
v e r y  difficult  to s o l v e t h i s  s y s t e m  of equat ions  even 
for a two-componen t  P lasma.  The p rob lem may  be 
g rea t ly  s impl i f i ed  by us ing a model  col l i s ion in tegra l .  

We calcula te  the e l ec t ron  d i s t r ibu t ion  funct ion in 
the o n e - d i m e n s i o n a l  case on the assumpt ion  that a 
longi tudinal  wave d i s to r t s  J:e only in i ts  d i rec t ion  of 
propagat ion  along k. It is convenient  to take the ex -  
p r e s s i o n  r e p r e s e n t i n g  S e in the following form for 
Coulomb col l i s ions  : 

S,{ = 2 ,V(eD gv [ m dv + J ' 
(3. 1 ) 

for the i n c r e m e n t  in the l i nea r  theory  to exceed the 
damping d e c r e m e n t ,  which is p ropor t iona l  to v0. On 
this b a s i s ,  and a s s u m i n g  also that 

we put (2.4) in the form 

(2.6) 

whereupon (2.3) becomes  (2.5). 
This  sys t em may  be solved by succes s ive  approx-  

imat ion.  We a s s u m e  that 

o - -  ku0 = cooT, T ' ~  l (2.7) 

Subst i tut ion of (2.7) and (2.5) into (2.6) gives the 
following when we neglec t  the t e r m s  T-2n0/ne and 
2kue/w re la t ive  to uni ty:  

= - -  (xno/n.)% x = 2 v o l v ,  �9 

In the next approx imat ion  we incorpora te  the sma l l  
t e r m s  in (2.5) and ( 2 . 6 ) i n  o rde r  to find u e. Then we 
use the m o m e n t u m - b a l a n c e  equation for the p l a sma  
e lec t rons  to get an exp res s ion  for the f ield energy ,  

I ~  v p18= = % r n u o ~ n o ' r  - 2  (x + ~1~), (2. S) 

which imp l i e s  that this ene rgy  subs tan t i a l ly  exceeds 
the kinet ic  energy  of the beam,  which is in qual i ta t ive  
ag r eemen t  with the r e su l t  [6] for the m a x i m u m  ene rgy  
of the osc i l l a t ions  in the in ject ion of a monoenerge t i c  
beam into a s e m i - i n f i n i t e  p l a sma .  All the same ,  the 
field ene rgy  of (2.8) r e m a i n s  much less  than the t he r ma l  
energy  of the p l a s m a  e l ec t rons ,  in accordance  with the 
exis tence  of a sma l l  p a r a m e t e r  i n  the q u a s i - l i n e a r  
theory  of (0.3). 

The low-f requency  osc i l l a t ions  exci ted by a slow 
beam can s i m i l a r l y  be examined  in the q u a s i - l i n e a r  
approximat ion .  

in which T i is ion t e m p e r a t u r e ,  while  ~-ei (T) defines 
the r e l axa t ion  t ime  of T i and T e. 

In tegra l  S e in the form of (3.1) takes into account  
only e l e c t r o n - i o n  co l l i s ions ,  s ince  the t e r m  c o r r e s -  
ponding to e l e c t r o n - e l e c t r o n  co l l i s ions  is non l inea r .  
Ginzburg  [7] has shown that these co l l i s ions  need be 
cons ide red  only for low f requenc ies ,  when oJ 2 << v 2 ,  
in which v ,  is some effective co l l i s ional  f requency that 
def ines  the cont r ibut ion  to the conductivi ty.  We can 
use a model  co l l i s ion  in tegra l  in the B a t h n a g a r - G r o s s -  
Crook fo rm in o r d e r  to take into account  the co l l i s ions  
of e l ec t rons  with molecu les  in a weakly ionized p l a sma ,  
but this  gives a m o r e  compl ica ted  d i f ferent ia l  equation 

for re .  
The in tegra l  of (3.1) p rovides  conse rva t ion  of mo-  

me n t um,  energy ,  and n u m b e r  of pa r t i c l e s ,  and also 
Sei = 0 in a s ta te  of equ i i i b r i um,  when j:e is Maxwell ian 

and Te = Ti.  
Removing one d i f fe ren t ia t ion ,  we have f rom (0.1) 

with (3.1) the equat ion for  r e :  

8s] "[ d/6 -L rav ~ + 0 ( 3 .  2) 

in which 

( "  I E p ~d~[ ) ~'/' (3.3) 
f i =  k 3,,-,T{ ] ' 

has the d imens ions  of f requency  and may  be cons idered  
as the effect ive f requency  of the co l l i s ions  of the e l e c -  
t rons  with the wave. 

It is s imple  to solve the l i ne a r homoge ne ous  equation 
2 to ex-  (3.2); we put v .  = (co + io0/k  and o~ 2 = 5 2 + v e 

p r e s s  the solut ion as 

fe=Cexp{--mv~+ rn82 Imru In ( i - - ~ . ) l  } (3.4) 
Tio~k L * 

in which C is a constant  of in tegra t ion .  
The f i r s t  t e r m  in the exponent ial  co r r e sponds  to a 

Maxwell ian d i s t r ibu t ion  with a t e m p e r a t u r e  equal to 
Ti ,  while the second is a co r r ec t i on  dependent  on the 
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w a v e  a m p l i t u d e .  It i s  c l e a r  f r o m  (3 .4 )  t h a t  the  f i e l d  

c o r r e c t i o n  i s  m a x i m u m f o r  v e l o c i t i e s  n e a r  w / k ,  the  

p h a s e  v e l o c i t y  of the  w a v e .  If w e  c o m p l e t e l y  n e g l e c t  

s p a t i a l  d i s p e r s i o n  and e x p a n d  the  l o g a r i t h m  as  a 

p o w e r  s e r i e s  in l / v , ,  w e  ge t  (3 .4)  as  

'~= 1 (3 .5)  ]e = Cexp -- 2T~(i + 62/((02+vJ)) f" 

T h e n  the  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  is  e x a c t l y  

M a x w e i l i a n  f o r  k = 0, but  w i t h  an  i n c r e a s e d  t e m p e r a -  

t u r e ,  w h i c h  i s  d e f i n e d  by (1 .12) ,  a s  i s  r e a d i l y  s h o w n  

f r o m  (3.3) .  

The figure shows curves for the electron distribution function inthe 
quasi-linear approximation, as calculated from (3.4) and (3.5). The 
abscissa is the dimensionless velocity ~ = kv/00, while the ordinate is 
the dimensionless function F(~), which equals the square root of the ex- 
ponent divided by m002/2Tik 2. The curves are for different values of 
6/00, which characterizes the relative energy of the wave field: I and 
2 correspond to 6/00 = 0.1, and 3 and 4 to 8/00 = 1. It was aiso assumed 
that 6 z >> Ve 2 in the calculations. Curves t and 3 correspond to a 
Maxwellian distribution with an increased temperature [formula (8.5)] 
and are straight lines, while curves 2 and 4 show the occurrence of a 
plateau on the distribution function near the phase velocity of the wave 
[formula (3.4)]. It is clear that the width of the plateau increases with 
the amplitude of the wave. If we expand the exponent in (3.4) as a 
power series in (v - 00/k) and retain terms only up to the second degree, 
we can show that the distribution function in the plateau region is also 
close to Maxwellian, but with a different effective temperature: 

T ,  = T i ( t + 63 / w2e) . 

The plateau becomes strictlyhorizontat (re --> O, T, --> ~) in a 
plasma without collisions, 
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